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Abstract
In this paper, we prove several results on the Cayley isomorphism problem concerning
undirected graphs. Let ’ be Euler’s phi function. The main result is the following theorem.
Let q1; : : : ; qs be distinct primes and p a prime such that p2 ¡q1 and p2q1 : : : qi ¡ qi+1 for all
16 i6 s− 1. Let n= q1 : : : qs. If gcd(np; ’(np))= 1, then Z2p × Zn is a CI-group with respect
to graphs. c© 2002 Elsevier Science B.V. All rights reserved.
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In 1967, 7Ad7am [1] conjectured that any two Cayley graphs of Zn are isomorphic if
and only if they are isomorphic by a group automorphism of Zn. A counter example
to this conjecture was quickly found in 1970 by Elspas and Turner [9]. Recently,
Muzychuk completed the problem of determining which values of n have the property
that any two Cayley graphs of Zn are isomorphic if and only if they are isomorphic
by a group automorphism of Zn by proving that if n is square free, then Zn [12] and
Z2n [13] have this property. The only other values of n with this property are 8 and 9
[2]. 7Ad7am’s Conjecture was quickly generalized to the following problem.
Problem 1. For which "nite groups G is it true that any two Cayley graphs of G are
isomorphic if and only if they are isomorphic by a group automorphism of G?
A group G with this property will be called a CI-group with respect to graphs.
Throughout this paper, by a graph we will mean an undirected graph, although the
previous problem can be (and is) considered for directed graphs. All groups in this
paper are Bnite groups.
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There are several additional results which will be germane to this paper. Godsil [10]
proved that Z2p is a CI-group with respect to graphs for p a prime. Babai [4] showed
that the nonabelian group of order 2p is a CI-group with respect to graphs, and the
author [6] showed that the nonabelian group of order pq, p and q distinct primes, is
a CI-group with respect to graphs if and only if q=2 or 3. While some other results
on the above problem are known, other than the above mentioned results of Muzychuk
there are no known CI-groups with respect to graphs where the order of the group
has more than three prime factors. In this paper, we will provide three examples of
CI-groups with respect to graphs whose order has arbitrarily many prime factors. In
addition to the result mentioned in the abstract, we will also determine necessary and
suJcient conditions for two Cayley graphs of Zp2 ×Zn and ZpnZn to be isomorphic,
where p and n are (approximately) as above. Throughout this paper, ’ is Euler’s phi
function. For terms and notation not deBned in this paper, see [8].
Denition 2. Let G be a group. For g∈G, deBne gL :G→G by gL(h)= gh. Then
GL= {gL:∈G} is itself a group, the left regular representation of G and is isomorphic
to G. Let S ⊂ G−{1} such that S−1 = S. DeBne a graph =(G; S) by V ()=G and
E()= {(j; h): j−1h∈ S}. Clearly j−1h∈ S and (gj)−1gh∈ S are equivalent statements,
so that gL ∈Aut(), the automorphism group of . Hence GL6Aut().
Denition 3. Let  be some Cayley graph of some group G. We shall say that  is
a CI-graph of G if given any Cayley graph ′ of G such that  is isomorphic to ′,
then  and ′ are isomorphic by some ∈Aut(G).
The following characterization of the CI-property was proven by Babai and will be
used extensively in this paper.
Lemma 4 (Babai [4]). For a Cayley graph  of G the following are equivalent:
(1)  is a CI-graph of G;
(2) given a permutation ∈ SG such that −1GL6Aut(); GL and −1GL are
conjugate in Aut().
1. Group theoretic preliminaries
In this section, we prove all of the strictly group theoretic results that we will need
for the main results. We begin with a deBnition.
Denition 5. Let G be an imprimitive permutation group, admitting a complete block
system B. If g∈G we may view g as a permutation of the blocks of B, denoted g=B.
Thus there is a homomorphism : G→ SB; where (g)= g=B. We denote the kernel of
this homomorphism by BxG(B). Hence BxG(B)= {g∈G: g(B)=B for every B∈B}.
The image of this homomorphism is denoted G=B.
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For the following lemma, we will exploit an idea the author was introduced to in a
paper by of P7alfy [14].
Lemma 6. Let q1; q2; : : : ; qs be distinct primes and m¡q1 a positive integer such that
mq1 : : : qi ¡qi+1 for all 16 i6 s−1. Let n= q1 · · · qs; and G be a transitive permuta-
tion group acting on a set  of order mn such that G contains a semiregular element
 of order n. Assume there exists H6G such that H is transitive and 〈〉 / H .
Let ∈ S such that −1H6G. Then there exists !∈G such that 〈H;!−1−1H!〉
admits a complete block system of m blocks of size n formed by the orbits of 〈〉.
Proof. We proceed by induction on s. If s=1, then let 〈〉 and −1〈〉 be contained
in Sylow q1-subgroups 1 and 2 of G, respectively. Then there exists !∈G such
that !−12!=1. Now, a Sylow q1-subgroup of S is of the form 1SmKCq1 , where
Cq1 is a cyclic group of order q1. As 〈〉/H , H admits a complete block system B of
m blocks of size q1, where B is formed by the orbits of 〈〉. Hence 16 〈|B: B∈B〉,
and, of course, B is formed by the orbits of 1. Analogous arguments will show that
B is a complete block system of !−1−1H!. It is then straightforward to verify that
B is a block of 〈H;!−1−1H!〉.
Assume s¿ 1 and the result is true for q1; : : : ; qs. Let G be as above with
n= q1 : : : qsqs+1. By arguments in the preceding paragraph, there exists !1 ∈G such that
〈H;!−11 −1H!1〉 admits a complete block system B of mq1 : : : qs blocks of size qs+1
formed by the orbits of 〈q1···qs〉. By the induction hypothesis, there exists !2 ∈G
such that 〈H;!−12 !−11 −1H!1!2〉=B admits a complete block system of m blocks of
size q1 : : : qs formed by the orbits of 〈〉=B. Let !=!1!2. Then 〈H;!−1−1H!〉
admits a complete block system of m blocks of size q1 : : : qs+1 formed by the orbits of
〈〉 and the result follows by induction.
The following weak form of a remarkable result due to P7alfy will prove crucial in
what follows.
Theorem 15 (P7alfy, [15]). Let n be an integer such that gcd(n; ’(n))= 1; y∈ Sn an
n-cycle; and x∈ Sn the n-cycle (0 1 : : : n− 1). Then 〈y〉 is conjugate to 〈x〉 in 〈x; y〉.
Remark 8. Let  be a set and ∈ S. Let "⊂. We will often have need to consider
the permutation # deBned by #(!)= (!) if !∈" and #(!)=! if ! ∈ ". For
convenience, we will consistently abuse notation and denote # by |". The context
will make clear whether |" ∈ S" or |" ∈ S.
Lemma 9. Let G be a transitive permutation group acting on a set  of order mn
such that G contains a semiregular element  of order n; m is a power of the prime
p; and gcd(n; ’(n))= 1. Assume there exists H;K6G such that H is transitive;
110 E. Dobson /Discrete Mathematics 247 (2002) 107–116
〈〉 / H; H6K; and K admits a complete block system B formed by the orbits of
〈〉. Let ∈ S such that −1H6K . If the orbits of 〈−1〉 are the complete block
system B; then there exists !∈K such that 〈H;!−1−1H!〉=B is a p-group; and
!−1−1!|B ∈ 〈〉|B for every B∈B. Furthermore; 〈|B: B∈B〉∩〈H;!−1−1H!〉/
〈H;!−1−1H!〉; and if q|n is prime; then 〈H;!−1−1H!〉 admits a complete block
system formed by the orbits of 〈n=q〉.
Proof. If B is formed by the orbits of 〈〉 and 〈−1〉, then ; −1∈ BxK (B).
Let B1 be a Bxed block of B. Then |B1 and −1|B1 are n-cycles, and
as gcd(n; ’(n))= 1, it follows from Theorem 7 that there exists %1 ∈ 〈; −1〉
such that %−11 
−1%1|B1 ∈ 〈〉|B1 . Let B2 ∈B such that B2 =B1. Then there exists
%2 ∈ 〈; %−11 −1%1〉 such that %−12 %−11 −1%1%2|B2 ∈ 〈〉|B2 . As %−11 −1%1|B1 ∈ 〈〉|B1 ,
we have that %−12 %
−1
1 
−1%1%2|B1 ∈ 〈〉|B1 . Continuing this process inductively,
we have that there exists %∈ 〈; −1〉 such that %−1−1%|B ∈ 〈〉|B for
every B∈B.
As K=B is a transitive group of degree a power of p, we have that H=B and
%−1−1H%=B are contained in Sylow p-subgroups 1 and 2 of 〈H; %−1−1H%〉
respectively. As Sylow p-subgroups are conjugate, we have that there exists
∈ 〈H; %−1−1H%〉 such that −1%−1−1H%61. It then follows that
〈H; −1%−1−1H%〉=B is a p-group. Further, as ∈ 〈H; %−1−1H%〉, we also have
that −1%−1−1%|B ∈ 〈〉|B for every B∈B.
Finally, let != %. As !−1−1%|B ∈ 〈〉|B for every B∈B and the facts that
〈!−1−1!〉 / !−1−1H!, 〈〉 / H , we have that if g∈!−1−1H! or g∈H ,
then g−1g|B ∈ 〈〉|B′ for some B′ ∈B. Hence 〈|B: B∈B〉 ∩ K / 〈H;!−1−1H!〉.
Clearly, 〈|B: B∈B〉 ∩ 〈H;!−1−1H!〉 is abelian, so that there is exactly one Sylow
q-subgroup Q of 〈|B: B∈B〉 ∩ 〈H;!−1−1H!〉. As gcd(q; n=q)= 1, we then have
that if g∈ 〈H;!−1−1H!〉, then g−1Qg=Q. Hence the orbits of Q form a complete
block system of 〈H;!−1−1H!〉 and clearly the orbits of Q are the same as the orbits
of 〈n=q〉.
Denition 10. Let  be a set and G6 S be transitive. Let G act on × coordinate
wise. That is, g(!1; !2)= (g(!1); g(!2)) for !1; !2 ∈. We deBne the 2-closure of
G, denoted G(2), to be the largest subgroup of S whose orbits on × are the same
as G’s. Note that if  is a graph and G6Aut() a subgroup, then G(2)6Aut().
Furthermore, if G is a transitive group, then G admits a complete block system B if
and only if G(2) admits B as a complete block system.
The following result is elementary and Brst appeared (in Russian) in [11].
Lemma 11 (Kaluznin and Klin [11]). Let G be a transitive permutation group acting
on  and H a transitive permutation group acting on ". Let G × H act on  × "
coordinate wise. Then (G × H)(2) =G(2) × H (2).
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2. The main results
We begin with a few graph theoretic preliminaries.
Denition 12. Let G be a transitive permutation group that admits a complete block
system B of m blocks of size p, p a prime, and B is formed by the orbits of some
normal subgroup N / G. Then for each B∈B there exists B ∈N such that B|B is a
p-cycle. DeBne an equivalence relation ≡ on B by B ≡ B′ if and only if whenever
∈N and |B is a p-cycle then |B′ is also a p-cycle. Denote the equivalence classes
of ≡ by C0; : : : ; Ca and let Ei =
⋃
B∈Ci B.
Lemma 13 (Dobson [6]). Let  be a vertex transitive graph with G6Aut() and
 be as in De"nition 12. Then for each 06 i6 a there exists i ∈Aut() such that
i|Ei = |Ei and i|Ej =1 for every i = j. Furthermore, {Ei: 06 i6 a} is a complete
block system of G and BxG(2) (B) contains a semiregular element of order p.
Note 1. Let n be a positive integer. DeBneN (n)= {f∈ Sn: f(x)= ax+b; a∈Z∗n ; b∈Zn}.
If n is prime, N (n) is usually denoted AGL(1; p). We remark that N (n) is the nor-
malizer in Sn of the left (or right) regular representation of Zn, and |N (n)|= n’(n).
We now prove the main result of this paper.
Theorem 14. Let q1; : : : ; qs be distinct primes and p a prime such that p2¡q1 and
p2q1 : : : qi ¡qi+1 for all 16 i6 s − 1. Let n= q1 : : : qs. If gcd(np; ’(np))= 1; then
Z2p × Zn is a CI-group with respect to graphs.
Proof. Let  be a Cayley graph of Z2p × Zn. DeBne +1; +2; +3 :Z2p × Zn→Z2p × Zn
by +1(i; j; k)= (i + 1; j; k), +2(i; j; k)= (i; j + 1; k), and +3(i; j; k)= (i; j; k + 1). Let G=
〈+1; +2; +3〉. Clearly, G=(Z2p × Zn)L so that G6Aut(). Let ∈ SZ2p×Zn such that
−1G6Aut(). By Lemma 6, there exists !1 ∈H such that 〈G;!−11 −1G!1〉 admits
a complete block system B of p2 blocks of size n, where B is formed by the orbits of
〈+3〉 and 〈!−11 −1+3!1〉. By Lemma 9, there exists !2 ∈ 〈G;!−11 −1G!1〉 such that
〈G;!−12 !−11 −1G!1!2〉=B is a transitive p-group. Hence 〈G;!−12 !−11 −1G!1!2〉
admits a complete block system C of p blocks of size pn. Note that  is a CI-graph
of Z2p × Zn if and only if () is a CI-graph of Z2p × Zn, where ∈Aut(Z2p × Zn).
By considering the image of  under an appropriate automorphism of Z2p × Zn
(see [5, p. 4]), if necessary, we may assume that C is formed by the orbits
of 〈+2; +3〉= 〈+2+3〉 and 〈!−12 !−11 −1+2+3!1!2〉. Again by Lemma 9, there exists
!3 ∈ 〈G;!−12 !−11 −1G!1!2〉 such that if != !1!2!3 then 〈G;!−1G!〉=C is
a p-group, !−1+2+3!|C ∈ 〈+2+3〉|C for every C ∈C, and if q| pn is prime, then
〈G;!−1G!〉 admits a complete block system formed by the orbits of 〈(+2+3)pn=q〉.
Let E be the complete block system of H of pn blocks of size p formed by the orbits
of 〈(+2+3)n〉. By Theorem 7, there exists 1 ∈H such that 〈−11 !−1G!1〉=E=G=E. Let
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H = 〈G; −11 !−1G!1; 〈G; −11 !−1G!1〉(2) ∩ {+2+3|C :∈C}〉. As H6 〈G;!−1G!〉(2),
any complete block system of 〈G;!−1G!〉(2) (and so of 〈G;!−1G!〉) is also a com-
plete block system of H . If |BxH (E)|=p, then H =G and the result follows. Otherwise,
observe that H is solvable. Let |H |= ut, where gcd(u; t)= 1 and if q|(np), then q|t.
Then G6K1 and −11 !
−1G!6K2, where K1; K26H are such that |K1|= |K2|= t.
By Hall’s Theorem, K1 and K2 are conjugate in H , so we may assume without loss
of generality that K1 =K2. As gcd(np; ’(np))= 1 and |N (p)|=p’(p), we have that
BxH (E) is a p-group whose order is at least p2. As !−1+2+3!|C ∈ 〈+2+3〉|C for every
C ∈C it follows from Lemma 13 that +2|C ∈H for every C ∈C (so that |BxH (E)|¿pp).
As H=E is cyclic and BxH (E) is a p-group, we have that t= np‘ for some ‘. Let q|n
be prime and Fq the complete block system of H formed by the orbits of 〈+n=q3 〉. As
gcd(np; ’(np))= 1 and |N (q)|= q’(q), BxH (Fq) is a q-group. As t= np‘, we have
that BxH (Fq) has order q. As t= np‘, BxH (Fq)= 〈+n=q3 〉 is a Sylow q-subgroup of
H and so is the unique Sylow q-subgroup of H . Thus 〈+3〉/H so that BxH (B)|B6N (n)
for every B∈B. As gcd(np; ’(np))= 1, we conclude by order arguments that
BxH (B)= 〈+3〉. Then H=B is a p-group of order at least pp+1, and, as a Sylow
p-subgroup of Sp2 has this same order, H=B ∼= ZpKZp. It was shown in [10] that
any two regular subgroups of ZpKZp that are isomorphic to Z2p are conjugate in
ZpKZp. Hence there exists 2 ∈H such that 〈G; −12 −11 !−1G!12〉=B=G=B. As
BxH (B)= 〈+3〉, we have that −12 −11 !−1G!12 =G and the result follows by
Lemma 4.
Denition 15. Let G and G′ be groups of the same order. We say that G′ is a weak
CI-group via G with respect to graphs if and only if whenever  is a Cayley graph
of G′ but  is not an CI-graph of G′, then  is isomorphic to an Cayley graph of G
and  is a CI-graph of G.
Theorem 16. Let q1; : : : ; qs be distinct primes and p a prime such that p2¡q1; and
p2q1 : : : qi ¡qi+1 for all 16 i6 s−1. Let n= q1 : : : qs and assume gcd(np; ’(np))= 1.
Then Zp2n is a weak CI-group via Z2p × Zn with respect to graphs.
Proof. DeBne + :Zp2n→Zp2n by +(i)= i + 1 and let  be a Cayley graph of Zp2n.
Then (Zp2n)L= 〈+〉 so that 〈+〉6Aut(). Let ∈ Sp2n such that −1〈+〉6Aut(). By
Lemma 6, we may assume that 〈+; −1+〉 admits a complete block system B of p2
blocks of size n, formed by the orbits of 〈+p2〉. By Lemma 9, we may assume that
〈+; −1+〉=B is then a p-group. Hence 〈+; −1+〉 also admits a complete block system
C of p blocks of size pn, formed by the orbits of 〈+p〉. Applying Lemma 9, we have
that we may assume −1+p|C ∈ 〈+p〉|C for every C ∈C and the orbits of 〈+np〉 form
a complete block system D of 〈+; −1+〉. By Theorem 7, there exists !∈ 〈+; −1+〉
such that !−1−1+!=D= 〈+〉=D. We thus also assume without loss of generality that
〈+; −1+〉=D= 〈+〉=D. If the Sylow p-subgroups of Bx〈+;−1+〉)(D) have order p, then
〈−1+〉= 〈+〉 and, by Lemma 4,  is a CI-graph of Zp2n. Otherwise, observe that
〈+; −1+〉 then admits another complete block system E of n blocks of size p2 formed
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by the orbits of 〈+n〉. As E and B are complete block systems of 〈+; −1+〉, we have
that 〈+; −1+〉6 Sp2 × Sn. In fact, as 〈+; −1+〉=D= 〈+〉=D, we have that 〈+; −1+〉=E
is cyclic of order n. As 〈+; −1+〉=B is a p-group, 〈+; −1+〉= × Cn, where Cn is
the cyclic group of order n, and  is a transitive p-subgroup of Sp2 that contains a
p2 cycle and the order of  is at least p3. By Lemma 11, 〈+; −1+〉(2) =(2) ×C(2)n .
It was shown by Alspach and Parsons [2] (using graph theory terminology) that if 
is a transitive p-subgroup of Sp2 that contains a p2-cycle, then (2) ∼= Zp2 or ZpKZp.
As ||¿p3, we have that 〈+; −1+〉(2) = (ZpKZp)× Cn. Thus, 〈+; −1+〉(2) contains
a transitive subgroup that is canonically isomorphic to Z2p×Zn, and  is also a Cayley
graph of Z2p × Zn.
Finally, as gcd(np; ’(np))= 1, we have that p =2. If p=3, then Zp2n is not a
CI-group with respect to graphs [15] and if p¿ 5, Theorem 4 of [2] states that Zp2n
is not a CI-group with respect to graphs. By Theorem 14, Zp2n is a weak CI-group
via Z2p × Zn.
Denition 17. Let  be a vertex-transitive graph of order k such that  ∼= YKEn,
where En is the graph on n vertices with no edges and n =1. We say that  is irre-
ducible. Let G6Aut() with |StabG(x)|= n, x is any vertex of . In [16] Sabidussi
showed that for every transitive group G6Aut(), the graph KEn is a Cayley graph
of G. We will refer to  as an n-Cayley graph of G (so n=1 means that  is a
Cayley graph of G). Furthermore, Sabidussi also showed that Aut(KEn)=Aut()KSn.
Hence Aut(KEn) admits a complete block system B of k blocks of size n,
formed by the orbits of 1SkKSn. There thus exists a correspondence between the
vertex set of  and the complete block system B. For w a vertex of KEn, we
denote by w∗ the vertex of  which corresponds to the block of B that contains
w. Note that if ′ is an another irreducible vertex-transitive graph, and  :KEn→
′KEn is an isomorphism, then ∗ :→′ is an isomorphism, where ∗(x∗)=y∗ if
and only if (x)∈y∗. Further, if  :V ()→V (′) is an isomorphism, then n :
V (KEn)→V (′KEn) where n((x; a))= ((x); a) is also an isomorphism. Finally,
(n)∗= .
Denition 18. Assume that if  and ′ are isomorphic n-Cayley graphs of G then
 and ′ are isomorphic by ∗, for some ∈Aut(G). We then say that  is a
(n; G)-CI-graph. If every n-Cayley graph of G is an (n; G)-CI-graph, we say that
G is a (n; G)-CI-group. If every n-Cayley graph of G that is not a (n; G)-CI-graph is
a Cayley graph of G′ and G′ is a CI-group with respect to graphs, we say that G is
a weak (n; G)-CI group via G′.
Babai’s characterization of the CI-property (Lemma 4) extends to non-Cayley graphs
in a natural fashion. As we shall see, it is often possible using this characterization
to solve the isomorphism problem for Cayley and non-Cayley graphs simultaneously
provided certain subgroups of the automorphism groups of these graphs have similar
structure.
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Lemma 19 (Dobson [7]). For an irreducible n-Cayley graph of G the following are
equivalent:
(1)  is an (n; G)-CI-graph;
(2) for every permutation ∈ SG∗ ; if −1G6Aut(); then −1G and G are
conjugate in Aut().
Before turning to our last result, we need to show that Lemma 19 holds if the word
“irreducible” is deleted from it.
Denition 20. The complement of , denoted P is the graph with vertex set V () and
edge set {(x; y): (x; y) ∈ E()}.
Lemma 21. For an n-Cayley graph G the following are equivalent:
(1)  is an (n; G)-CI-graph;
(2) for every permutation ∈ SG∗ ; if −1G6Aut(); then −1G and G are
conjugate in Aut().
Proof. Note that if  and ′ are isomorphic graphs with # :→′ an isomorphism,
then # : P→ P′ is an isomorphism. If  is irreducible, the result follows from Lemma
19. If  is not irreducible, then P is irreducible and the result again follows from
Lemma 19.
Let m; n be positive integers and set 2= m=2. Let V = {vij: i∈Zm; j∈Zn}, and
∈Z∗n . DeBne two permutations ; + on V by
(vij)= v
i
j+1
and
+(vij)= v
i+1
j :
DeBne an (m; n)-metacirculant graph  to be a graph with vertex set V such that
〈; +〉6Aut(). These graphs were Brst introduced in [3], where it was shown that
if gcd(m; ||) =1 and 〈; +〉 is regular, then 〈; +〉 ∼= Zm n Zn. Henceforth, we will
assume that m=p is prime. Then, by raising + to an appropriate power, we may
assume that |+|=pr for some r¿ 1. This then implies that ||=pr , so in consid-
ering the isomorphism problem for (p; n)—metacirculant graphs, it suJces to only
consider the case where ||=pr; r¿ 0. Note that if ||=pr , then |〈; +〉|=prn so
that |Stab〈;+〉(v00)|=pr−1. For our remaining result, it will be simplest to abandon G
as the vertex set and work with metacirculant graphs. We remark that the following
result was proven by the author [6] in the special case where n is prime
Theorem 22. Let q1; : : : ; qs be distinct primes and p a prime such that p¡q1 and
pq1 : : : qi ¡qi+1 for all 16 i6 s − 1. Let n= q1 : : : qs. Further; assume p|’(n) and
gcd(n; ’(n))= 1. Let ∈Z∗n such that ||=pr; r¿ 1. Let G= 〈; +〉. If p=2 or 3;
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then G is a (pr−1; G)-CI-group with respect to graphs. If p¿ 5; then G is a weak
(pr−1; G)-CI-group via Zp × Zn with respect to graphs.
Proof. Let  be a (p; n)-metacirculant graph (so V ()=V as above). For brevity, we
denote V () simply by V . Then G= 〈; +〉6Aut(), and by Lemma 21 it suJces to
show that whenever ∈ SV such that −1G6Aut(), then G and −1G are conjugate
in Aut() or  is a Cayley graph of Zp×Zn (with this labeling). That is, that +′ :V →V
by +′(vij)= v
i+1
j is contained in Aut() (then +
′ is cyclic and regular). By Lemma 6,
we may assume that 〈G; −1G〉 admits a complete block system B of p blocks of
size n formed by the orbits of 〈〉. By Lemma 9, we may assume that 〈G; −1G〉=B
is a p-group, −1|B ∈ 〈〉|B for every B∈B, 〈|B: B∈B〉∩ 〈G; −1G〉 / 〈G; −1G〉
and 〈G; −1G〉 admits a complete block system Ci formed by the orbits of 〈n=qi〉,
16 i6 s. Also observe that as gcd(p; n)= 1, −1B=B.
Let H = 〈G; −1G; 〈|B: B∈B〉 ∩ 〈G; −1G〉(2)〉. By Lemma 13, the Sylow
qi-subgroups of H have order either qi or q
p
i . If the Sylow qi-subgroups of H have
order qpi , then 
n=qi |B ∈H for every B∈B. As −1B=B, if B∈B then there exists
B′ ∈B such that −1|B ∈ 〈〉|B′ , and H=B has a unique Sylow p-subgroup, we have
that (vij)= v
a−1i+b
ij+ci , a
−1 ∈Z∗p, b∈Zp, i ∈Z∗n , and ci ∈Zn. Thus −1+(vij)= vi+a#ij+bi ,
#i = −1i+ai, and each bi ∈Zn. Hence
∏p−1
i=0 #i ≡ 1 (mod n).
Assume that the Sylow qij -subgroups of H have order q
p
ij , 16 j6 t, and that the Sy-
low qij -subgroups of H have order qij , t+16 j6 s. Then k ≡ ‘ (mod qit+1 : : : qis) for
every k; ‘∈Zp, and hence #k ≡ 1 (mod qit+1 : : : qis) for every k ∈Zp. DeBne %0 :V →V
by %0(v0j )= v
0
#−10 j
and %0(vk‘)= v
k
‘, if k =0. Then
%−10 
−1+%0(v0j )= v
a
j+b0 ;
%−10 
−1+%0(v−aj )= v
0
#0#−aj+c−a for some c−a ∈Zn;
%−10 
−1+%0(vkj )= 
−1+(vkj ) if k =− a; 0:
Let %j :V →V by %j(v−aj‘ )= v−aj#−10 :::#−1−aj‘ and %j(v
k
‘)= v
k
‘ if k = − aj, and let %=
%p−2%p−1 : : : %1%0. Then
%−1−1+%(vk‘)= v
k+a
‘+ck if k = a;
%−1−1+%(va‘)= v
2a
#0#−a:::#(1−p)aj+ca ;
where ck ∈Zn. We thus have %−1−1+%(vjk)= vi+aj+ci . Further, as the Sylow
qij -subgroups of H have order q
p
ij , 16 j6 i, we conclude that %‘ ∈Aut(), 06 ‘6
p − 2, so that %∈Aut(). Hence we may assume without loss of generality that
−1+(vjk)= v
j+a
j+ci , where ci ∈Zn.
As −1+(vjk)= v
j+a
j+ci , (v
j
k)= v
a−1j+b
#k+dj
, #∈Z∗n , di ∈Zn, b∈Zp. As +∈Aut(), we
may assume b=0, and as 1Sp × N (n)6Aut(G) ∩ Aut(Zp × Zn), by considering 
under the image of an appropriate element of 1Sp × N (n), that #=1. If 16 j6 t
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and dk =d‘ (mod qij), then the Sylow qij -subgroups of H have order at least q2ij ,
so that dk ≡ d‘ (mod qij) for every k; ‘∈Zp. As ∈Aut(), we may also assume
dk ≡ 0 (mod qij) for every k ∈Zp, 16 j6 t. As n=qij |B ∈Aut() for every B∈B and
t + 16 j6 s, we assume dk ≡ 0 (mod n) for all k ∈Zp. Hence (vjk)= va
−1j
k .
As (vjk)= v
a−1k
k , 
−1〈〉= 〈〉 and −1+(vjk)= vj+ak . If a=1, then ∈Aut(G), and
we are Bnished. Hence if p=2, then G is a (2r−1; G)-CI-group with respect to graphs.
If a =1, then +−a−1+(vjk)= vj−a+1k , and trivially +−a−1+∈Aut(). As Z∗n is cyclic,
there exists d∈Z’(n) such that (−a+1)d ≡ 1 (mod n). Hence
+(+−a−1+)d(vjk)= v
j+1
k
and  is also a circulant graph of order pn. If p=3, then deBne 7 :V →V by
7(vjk)= v
−j
−k . Then 7∈Aut(), a=2 so that 7−1−1+7= + and clearly 7−1〈〉7= 〈〉.
Hence if p=3, then  is a (3r−1; G)-CI-graph of G and thus G is a (3r−1; G)-CI-group
with respect to graphs. Finally, if p¿ 5 and n is prime, then G is not a (pr−1; G)-CI-
group with respect to graphs [7], so that G is not a (pr−1; G)-CI- group with respect
to graphs for any n. Then the result follows as Zp × Zn is a CI-group with respect to
graphs [12].
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